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An example

Data on milk production in 247 dairy farms.

The variables available are

milk production (in liters/year)

number of milking cows,

number of man-equivalent units,

the number of hectares devoted to pasture and crops,

the kilograms of feed fed to the dairy cows.

We postulate a Cobb-Douglas production function for output O, that
is

O = A Iβ1
1 Iβ2

2 · · · Iβk

k .

Here Ik are the various inputs and βk the associated output elasticities.

A is total factor productivity,
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Taking logs gives

log(O) = log(I1)β1 + · · · log(Ik)βk + log(A).

This gives the regression model

Y = X ′β + e

for Y = log(O), Xk = log(Ik), and e = log(A) which we estimate by
least squares.

3/ 23



The table by default reports quantities that can serve to test certain
aspects of the model.

A more interesting question could be whether the dairy farms exhibit
constant returns to scale in production.

This hypothesis translates to the restriction that

β1 + · · · + βk = 1.

Is the data supportive of this hypothesis?

How do we approach such a question?
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Hypotheses, statistics, and decision rules

First consider a linear contrast θ = r′β for some chosen (non-random)
vector r.

Want to see if there is evidence in the data against the null hypothesis
H0 : θ = θ0 in favor of the alternative hypothesis H1 : θ ̸= θ0, where θ0
is some chosen value.

Based on a decision rule involving a statistic (some function of the
data):

Evaluate whether the distance |θ̂ − θ0| is ‘large’.

Would like a decision rule to have good properties.

Mostly, size control and power.

We first look at this problem in the classical linear regression model.
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Linear contrasts in the classical linear regression model

When
Y = X ′β + e, e|X ∼ N(0, σ2),

the estimator θ̂ = r′β̂ satisfies

θ̂|X ∼ N(θ, σ2r′(X ′X)−1r).

We will suppose that σ2 is known, so only the mean is unknown here.

Under the null, θ = θ0 is known.

So we know the distribution of the distance |θ̂ − θ0| under the null.

The distribution of (θ̂ − θ0)|X depends on X through its variance.

It is more convenient to standardize.
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Under the null,
θ̂ − θ0

σ
√

r′(X ′X)−1r
∼ N(0, 1).

Hence,

Pθ0

(
θ̂ − θ0

σ
√

r′(X ′X)−1r
≤ ε

)
= Φ(ε),

and so

Pθ0

(∣∣∣∣∣ θ̂ − θ0

σ
√

r′(X ′X)−1r

∣∣∣∣∣ > ε

)
= Φ(−ε) + (1 − Φ(ε)) = 2(1 − Φ(ε)).
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Size/significance level

Say we reject the null in favor of the alternative if

T =

∣∣∣∣∣ θ̂ − θ0

σ
√

r′(X ′X)−1r

∣∣∣∣∣ > c

for a chosen critical value c.

Then the probability of incorrectly rejecting the null is

Pθ0(T > c) = 2(1 − Φ(c))

so if we want this probability to be equal to some α ∈ (0, 1) we choose

c = cα = Φ−1(1 − α/2).

We call α the size (or significance level) of the test.

As α ↓ 0 we have that cα ↑ +∞. Cannot fully eliminate type-I errors.
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The standard-normal distribution
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The test in terms of a χ2
1 variable

We have
Pθ0(T > cα) = Pθ0(T 2 > c2

α)

so we can equally look at the squared deviation from the null.

Under the null,
W = T 2 ∼ χ2

1.

Here this leads to the same decision rule, but it generalizes easily to
the multivariate case.
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The χ2-distribution
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Null distribution

Critical region for our test (with size .05, and so c.05. = 1.96) depicted
in three different manners.
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p-value

The p-value is the probability, under the null, that we would observe a
statistic at least as large as the one calculated from the data. It equals

2(1 − Φ(T )).

Seeing a small p-value roughly means that our statistic is ‘unusually’
large.

Because critical values monotonically increase as the significance level
goes down the p-value also represents a cut-off value of α where a
decision of accepting the null turns into a decision of rejecting the null.

The p-value is the smallest significance level at which our test would
lead to a rejection.
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An example

In the dairy-farm data we have

θ = r′β = (1, 1, . . . , 1) β

and we test H0 : θ = 1.

Here,
T = 2.083, W = 4.34.

At the 5%-level the relevant critical values are, respectively 1.96 (for
T ) and 3.84 (for W ).

We thus reject the null of constant returns to scale at this significance
level.

The p-value is 0.0384. So we would not be able to reject the null at the
1% level, for example.
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Power

The power is the probability of rejecting the null when it is false.

It equals
Pθ(T > cα)

and depends on θ.

Because

θ̂ − θ0

σ
√

r′(X ′X)−1r
= θ̂ − θ

σ
√

r′(X ′X)−1r
+ θ − θ0

σ
√

r′(X ′X)−1r

and the first right-hand side term is standard normal, we have that

Pθ(T > cα|X) = Φ (−cα − bθ) + (1 − Φ(cα − bθ))

for
bθ = θ − θ0

σ
√

r′(X ′X)−1r
.
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bθ shows how a violation of the null is reflected in the distribution of
our statistic.
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In terms of a χ2
1 random variable

The square of a normal variable with mean zero and variance one follows
a Chi-squared distribution.

The square of a normal variable with mean bθ and variance follows
a non-central Chi-squared distribution with non-centrality parameter
b′

θbθ.
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Power function
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Confidence intervals

Let

Tθ∗ =

∣∣∣∣∣ θ̂ − θ∗

σ
√

r′(X ′X)−1r

∣∣∣∣∣ .
The set

C = {θ∗ : Tθ∗ ≤ cα}

collects all values θ∗ for which we would not reject the null hypothesis
H0 : θ = θ∗ with a test of size α.

The probability that the set C covers/contains the true value θ is equal
to

Pθ(θ ∈ C) = Pθ(Tθ ≤ cα) = Φ(cα) − Φ(−cα) = 1 − α.

The set C is called a confidence interval with coverage probability 1−α.

Easy to see that, here,

C =
[
θ̂ − cα σ

√
r′(X ′X)−1r , θ̂ + cα σ

√
r′(X ′X)−1r

]
.
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Multiple linear restrictions

Now we wish to test a collection of m linear contrasts jointly.

Can write this as testing H0 : θ = θ0 for

θ = R′β =


r′

1β
r′

2β
...

r′
mβ

 ,

with R = (r1, r2, . . . , rm).

Testing m restrictions jointly is not the same as testing m restrictions
separately.

Size control is difficult in multiple testing.
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Choice of test statistic

Like before we have

θ̂|X ∼ N(θ, σ2R′ (X ′X)−1R),

or, equivalently,

(R′ (X ′X)−1R)−1/2

σ
(θ̂ − θ) ∼ N(0, Im),

which is now multivariate.

The squared distance of the standardized estimator from the null is
thus

W = (θ̂ − θ0)′ (R′ (X ′X)−1R)−1

σ2 (θ̂ − θ0)

and follow a χ2
m distribution under the null.

21/ 23



Size and power

The decision rule remains to reject the null when W > cα, where the
critical value cα is chosen to control size at α.

We do this, as before, by taking cα to be the (1 − α)th quantile of the
χ2

m distribution.

The power analysis is as before, only now with the distribution under
the alternative becoming non-central Chi-squared with m degrees of
freedom.
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Confidence ellipsoids

Like before, we can get a confidence set by ‘inverting’ a test statistic.

Let
Wθ∗ = (θ̂ − θ∗)′ (R′ (X ′X)−1R)−1

σ
(θ̂ − θ∗)

Then
C = {θ∗ : Wθ∗ ≤ cα}

is a confidence ellipsoid with coverage probability 1 − α.
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